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Abstract. The concept of bijective soft hemirings is firstly proposed and some of
related properties are investigated. Especially the basic operations of soft bijective
hemirings are discussed and some good examples are also given. We also define a
bijective soft ideal and discuss the primary operations of bijective soft h-ideals (k-ideals,
strong k-ideals) and idealistic soft hemirings.
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1. Introduction

The traditional classical models usually fail to conquer the complexities of in-
conclusive data in many important areas. In 1999, the initial conception of soft
sets was firstly proposed by Molodtsov [28]. Molodtsov had undergone great
increase and applications in many fields. Maji et al. [26] gave an application of
soft set theory in decision making problems through using rough sets, and con-
structed a theoretical investigation on soft sets in a particular method. Many
authors researched on applications of soft sets. Ma et al. [22] gave a servey of
decision making methods based on certain hybrid soft set models. Two signif-
icant notions of a novel uncertain soft model and a novel soft rough set were
given in [36, 39]. Alcantud [4, 5] proposed a novel algorithm for fuzzy soft sets
and investigated some formal relationships among soft sets and their extensions.
Sun et al. [29, 30] investigated fuzzy rough sets and its many important appli-
cations in our life. In 2017, Alcantud et al. [6, 7] researched the problem of
collective identity in a fuzzy environment, and put forward the rational fuzzy
and sequential fuzzy choice. And then, the study on the soft set theory has
been comprehensively learned by a lot of authors. Çaǧman et al. [3, 13] put
forward a rational definition of products of soft sets and uni-int decision method
to tackle the uncertain problems. In 2010, a sub soft set of the cartesian product
of the soft sets and many associated notions were introduced by Babitha et al.
[12]. Xiao et al. [32] come up with the concept of exclusive disjunctive soft sets
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and investigated some of its operations. Gong et al. [16] defined the notion of
bijective soft sets, investigated some operations of it, and obtained its several
properties. The concept of soft groups and many notions of group theory can be
expanded in an elementary way to develop the theory of soft groups were intro-
duced by Aktaş and Çaǧman [13]. Jun and Park [20] investigated idealistic soft
BCK/BCI-algebras and soft ideals. Acar et al. [1] put forward the initial notion
of soft rings. Aygünoǧlu et al. [11] proposed the notions of fuzzy soft groups
and its structural features and properties were researched. Atagun and Sezǵın
[10] proposed the concepts of soft ideal of a ring, soft sub-ring, and sub fields
of a field and researched them. In 2015, Aktaş [2] put forward the definition
of bijective soft groups and demonstrated its basic properties with a theoretical
theory research, by using Aktaş’s definition of soft group and Gong’s definition
of bijective soft sets. In 2017, Han et al. [17] aimed to find better algorithms for
solving parameter reduction problems of soft sets, and gave their potential ap-
plications. In theses papers, Aktaş discussed some significant properties of soft
groups. Meanwhile, this theory is very important in some different investigate
fields such as approximate reasoning, information sciences with intelligent sys-
tems, decision making and decision support systems, we can see some examples
in [14, 15, 27, 32, 41]. Based on soft sets, many algebraic structures have been
introduced such as soft ordered semigroups [19], soft rings [1], soft int-groups
[13], soft BCI-algebras [21].

As we know that the hemiring is a special and important algebraic structure,
some authors investigated the speciality of hemiring. Torre [31] introduced a def-
inition of h-ideals of hemirings and showed its properties. He established some
ring theorems for the hemirings, by using h-ideals. Especially, Jun investigated
some properties of hemirings in [18]. Ma and Zhan [23, 40] studied some char-
acteristics of h-hemiregular hemirings. Furthermore, Yin [34, 33] constructed
some properties of h-semisimple and h-intra-hemiregular hemirings. Seeing from
[9, 23, 24], Allen pointed some generalized fuzzy h-ideals of hemirings.

This article consists of five parts. In section 2, we review some basic knowl-
edge of soft sets, bijective soft groups, hemirings, ideals (h-ideals, k-ideals, strong
k-ideals) and so on. In section 3, the concept of bijective soft hemirings is given,
its basic properties are investigated and some fundamental applications of bijec-
tive soft hemirings are mentioned. In section 4, we give a definition of bijective
soft ideals (h-ideals, k-ideals, strong k-ideals) and some primary operations of
them.

2. Basic terminologies

Some basic terminologies about soft sets, ideals and hemirings are given. A
semiring is an algebrasic system (S,+, ·) consisting of a non-empty set S together
with two binary operations on S called addition and multiplication (denoted in
the usual manner) such that (S,+) and (S, ·) are semigroups and the following
distributive laws:
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For the sake of simplicity, we shall write ab for a · b (a, b ∈ S),

a(b+ c) = ab+ ac and (a+ b)c = ac+ bc are satisfied for all a, b, c ∈ S.

By zero of a semiring (S, +, ·), we mean an element 0 ∈ S such that
0 · x = x · 0 = 0 and 0 + x = x+ 0 = x for all x ∈ S. A semiring with zero and
a commutative semigroup (S,+) is called a hemiring.

A subhemiring of a hemiring S is a subset A of S closed under addition and
multiplication. A subset A of S is called a left (right) ideal of S if A is closed
under addition and SA ⊆ A (AS ⊆ A).

A subhemiring (left ideal, right ideal, ideal) of S is called an h-subhemirng
(left h-ideal, right h-ideal, h-ideal) of S, respectively, if for any x, z ∈ S, a,
b ∈ A, x+ a+ z = b+ z it follows x ∈ A.

The h-closure Ā of a subset A of S is defined as: Ā={x ∈ S | x+a+z = b+z
for some a, b ∈ A, z ∈ S}.

From now on, S is a hemiring, U is an initial universe, E is a set of param-
eters, P (U) is the power set of U and A, B, C ⊆ E.

Definition 2.1 ([28]). A pair (F,A) is called a soft set over U , where A ⊆ E,
F is a mapping given by F : A → P (U). In other words, a soft set over U is a
parameterized family of subsets of the universe U . For ε ∈ A, F (ε) may be a
considered as the set of ε-approximate.

Definition 2.2 ([31]). An ideal I of S is called a k-ideal of S, if x ∈ S, a, b ∈ I,
x+ a = b implies x ∈ I.

Definition 2.3 ([35]). An ideal I of S is called a strong h-ideal, if x, y, z ∈ S,
a, b ∈ I and x+ a+ z = y + b+ z implies x ∈ y + I.

Definition 2.4 ([35]). Let (F,A) be a non-null soft set over S. Then:

(1) (F,A) is called a soft hemiring over S if F (x) is a subhemiring of S for all
x ∈ supp(F,A), where supp(F,A) = {a ∈ A|F (a) ̸= ∅},

(2) (F,A) is called an idealistic soft semiring over S if F (x) is an ideal of S
for all x ∈ supp(F,A), where supp(F,A) = {a ∈ A|F (a) ̸= ∅}.

The bi-idealistic (k-idealistic, h-idealistic and strong h-idealistic ) soft semirings
are defined similarly.

Definition 2.5 ([8, 26]). Let (F,A) and (G,B) be two soft sets over a common
universe U .

(1) The restricted-intersection of (F,A) and (G,B) is defined to the soft
set (H,C), where C = A ∩ B, and H : c → P (U) is a mapping given by
H(c) = F (c) ∩G(c) for all c ∈ C. This is denoted by (F,A)⊓̃(G,B) = (H,C),

(2) (F,A) AND (G,B) denoted by (F,A)∧̃(G,B) = (H,A × B) where
H(x, y) = F (x) ∩G(y) for all (x, y) ∈ A×B,
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(3) The extended union of (F,A) and (G,B), denoted by (F,A)∪̃(G,B), is
defined as the soft set (H,C), where C = A ∪B and ∀x ∈ C,

H(x) =


F (x), if x ∈ A−B,

G(x), if x ∈ B −A,

F (x) ∪G(x), if x ∈ A ∩B.

Definition 2.6 ([2]). Let (F,A) be a soft group over G, where F is a mapping
F : A → P (G) and A is a nonempty parameter set. We say that (F,A) is a
bijective soft group, if (F,A) such that:

(1)
∪

a∈A F (a) = G,

(2) For any two parameters ai, aj ∈ A, ai ̸= aj , F (ai) ∩ F (aj) = {e}.

3. Bijective soft hemirings

In this section, we give a new concept of bijective soft hemirings and investigate
some properties of it.

Definition 3.1. Let (F,A) be a soft hemiring over H, where H is a hemiring.
Then (F,A) is a bijective soft hemiring, if (F,A) satifies:

(1)
∪

e∈A F (e) = H,

(2) For any two parameters ei, ej ∈ A, ei ̸= ej , F (ei) ∩ F (ej) = {0}.

Example 3.2. Let S = {0, 1, 2, 3} with the following Cayley tables:

Table 2 Table for a hemiring S
+ 0 1 2 3

0 0 1 2 3
1 1 1 2 3
2 2 2 2 3
3 3 3 3 2

· 0 1 2 3

0 0 0 0 0
1 0 1 1 1
2 0 1 1 1
3 0 1 1 1

We can obtain that the S is a finite hemiring. Let A = {0, 1}. Certainly, A is
also a hemiring. Now, we define a mapping G(x) = {y|yρx ⇔ y = 2xa, a ∈ A},
∀x ∈ A. From the operations, we can get that G(0) = {0}, G(1) = {0, 1}. It is
easy to check that (G,A) is a soft hemiring of A. Since G(0) ∩G(1) = {0} and
G(0) ∪ G(1) = {0, 1} = A. By the Definition 3.1, we can get that (G,A) is a
bijective soft hemirings of A.

Definition 3.3. (1) (F,A) is said to be an identity bijective soft hemiring over
H, if F (x) = {0} for all x ∈ A, where {0} is the identity element of hemiring.

(2) (F,A) is said to be an absolute bijective soft hemiring over H, if F (x) =
H for all x ∈ A.
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Theorem 3.4. Let (F,A) and (G,B) be two bijective soft hemirings over S
with A ∩ B ̸= ∅. Then their intersection (F,A)⊓̃(G,B) is still a bijective soft
hemiring over S.

Proof. By Definition 2.5 (1), (F,A)⊓̃(G,B) = (H,C), where H(c) = F (c) ∩
G(c) for all c ∈ C where C = A ∩ B ̸= ∅. Since (F,A) and (G,B) are two
bijective soft hemirings over common S. Then, we can obtain that every H(c)
is a hemiring of S, for all c ∈ C, where C = A ∩ B. That is (F,A)⊓̃(G,B)
is a soft hemiring of S. By Definition 3.1, we have that

∪
x∈A F (x) = S, and

F (xi) ∩ F (xj) = {0}, for any two parameters xi, xj ∈ A, xi ̸= xj ;
∪

y∈B G(y) =
S, G(yi) ∩ G(yj) = {0} for any two parameters yi, yj ∈ B, yi ̸= yj . Then∪

x∈C=A∩B H(x) =
∪

x∈C(F (c)∩G(c)) = (
∪

x∈C F (x))∩ (
∪

x∈C G(x)) = S∩S =
S. Let ∀a ∈ C, b ∈ C, a ̸= b where C = A ∩ B, since H(a) ∩ H(b) =
(F (a)∩G(a))∩ (F (b)∩G(b)) = (F (a)∩F (b))∩ (G(a)∩G(b)) = {0}∩{0} = {0}.
Thus, (F,A)⊓̃(G,B) is a bijective soft hemiring over S.

Theorem 3.5. If (F,A) and (G,B) are two bijective soft hemirings over S,
then (F,A) AND (G,B) is also a bijective soft hemiring.

Proof. Since (F,A) and (G,B) are two bijective soft hemirings, then F (x) and
G(y) are two subhemirings of S. Thus, we can get that H(x, y) = F (x) ∩G(y)
is also a subhemiring of S, for all (x, y) ∈ A×B. Then, (F,A)∧̃(G,B) is a soft
hemiring of S. Because the

∪
(x,y)∈A×B H(x, y) =

∪
(x,y)∈A×B F (x) ∩ G(y) =

(
∪

x∈A F (x)) ∩ (
∪

y∈B G(y)) = S ∩ S = S. Suppose that (ai, aj) ∈ A×B where
ai = (a1, b1), aj = (a2, b2) and ai ̸= aj . That is a1 ̸= a2 or b1 ̸= b2, a1 ̸= a2 and
b1 ̸= b2. When a1 ̸= a2 or b1 ̸= b2, we have

H(ai) ∩H(aj) = (F (a1) ∩G(b1)) ∩ (F (a2) ∩H(b2))
= (F (a1) ∩ F (a2)) ∩ (H(b1) ∩H(b2))
= {0} ∩ (H(b1) ∩H(b2))
= {0}.

or
H(ai) ∩H(aj) = (F (a1) ∩G(b1)) ∩ ((Fa2) ∩H(b2))

= (F (a1) ∩ F (a2)) ∩ (H(b1) ∩H(b2))
= (F (a1) ∩ F (a2)) ∩ {0}
= {0}.

When a1 ̸= a2 and b1 ̸= b2, we obtain that

H(ai) ∩H(aj) = (F (a1) ∩G(b1)) ∩ (F (a2) ∩H(b2))
= (F (a1) ∩ F (a2)) ∩ (H(b1) ∩H(b2))
= {0} ∩ {0}
= {0}.

That is H(ai) ∩H(bj) = {0}. Thus, we prove that (F,A)∧̃(G,B) is a bijective
soft hemiring over S.
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Theorem 3.6. Let (F,A) be a bijective soft hemiring over S and (H,B) be an
identity soft hemiring, then (F,A)∪̃(H,B) is a bijective soft hemiring.

Proof. Since (F,A) is a bijective soft hemiring over S and (H,B) is an identity
soft hemiring, by Definition 2.5 (3), for ∀x ∈ C, where C = A ∪B. We have:

H(x) =


F (x), if x ∈ A−B,

0, if x ∈ B −A,

F (x) ∪G(x), if x ∈ A ∩B.

If A ∩ B = ∅, then H(x) = F (x) or {0}. If H(x) = F (x) for x ∈ A − B.
Since (F,A) is a bijective soft hemiring over S, so is (H,C). If H(x) = {0} for
x ∈ B − A, thus (H,C) is a trival bijective soft hemiring over S. If A ∩B ̸= ∅,
then H(x) = F (x) ∪ {0} = F (x). It is easy to check that (H,C) is a bijective
soft hemiring. Above all, thus (F,A)∪̃(G,B) is a bijective soft hemiring.

Definition 3.7. Let (F,A) and (H,K) be two bijective soft hemirings over S.
Then (H,K) is a bijective soft subhemiring of (F,A), written (H,K)<̃(F,A),
if:

(1) K ⊆ A,

(2) H(x) ⊆ F (x) for all x ∈ K.

Example 3.8. Consider that S = {0, a, b, c} is set with a multiplication oper-
ation an addition (+, ·) as follow:

Table 2 Table for a hemiring S
+ 0 a b c

0 0 a b c
a a 0 b c
b b c 0 a
c c b a 0

· 0 a b c

0 0 0 0 0
a 0 a 0 a
b 0 0 b b
c 0 a b c

Let A = S, K = {a, b, c}, K ⊂ A. It is obvious that S is a hemiring.
We give a mapping, where F (x) = {yϵS xρy ⇔ y = xn for some n ∈ N} for
all x ∈ A. Here x0 = 0. Then F (0) = {0}, F (a) = {0, a}, F (b) = {0, b},
F (c) = {0, c}, which are subhemirings of S. Since F (ei) ∩ F (ej) = {0}, for ∀ei,
ei ̸= ej , ej ∈ A, and F (0) ∪ F (a) ∪ F (b) ∪ F (c) = S. Hence, it is easy to check
that (F,A) is a bijective soft hemiring. Since K ⊂ A, F (a) ∪ F (b) ∪ F (c) = S
and F (ei)∩F (ej) = {0}, for ∀ei, ei ̸= ej , ej ∈ K. So, we obtain that (F,K) is a
bijective soft hemiring of S. It is easy to check that F (x) ⊆ F (x) for all x ∈ K.
Then (F,K) is a bijective soft subhemiring of (F,A). That is (F,K)<̃(F,A).

Definition 3.9. Let (F,A) be a bijective soft hemiring over S and (H,B) be
a soft subhemiring of (F,A). Then (H,B) is called a bijective soft hemirng of
(F,A), if it satisfies :
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(1)
∪

a∈B H(a) is a subhemiring of S,

(2) For any two parameters ai, aj ∈ B, ai ̸= aj ,H(ai) ∩H(aj) = {0}.

If (H,B) = {S} and (H,B) = {0}, then (H,B) is a bijective soft subhemiring
of (F,A). In this case, (H,B) is called trivial bijective soft hemiring.

Example 3.10. Let (H,B) be a soft set over Z6, where A=B=S={0̄, 1̄} and
H : B → P (Z6) is defined by H(x) = {y ∈ Z6|xρy ⇐⇒ xy = 0̄} for x ∈ B. And
suppose that (F,A) is a absolute bijective soft hemiring of S, that is F (x) = S
for all x ∈ B. Then H(0̄) = Z6 is a subhemiring of F (0̄), H(1̄) = {0̄} is a
subhemiring of F (1̄), although 0̄ ̸= 1̄, H(1̄) ∩ H(0̄) = {0}, H(1̄) ∪ H(0̄) =
{0, 1} = S. Hence, by the Definition 3.7, we have that (H,B) is a bijective soft
subhemiring of (F,A).

Proposition 3.11. Let (F,A) be a bijective soft hemirirng over S and
{(Hi, (Ki)|i ∈ I}

(1) If
∩

i∈I Ki ̸= ∅, then ˜∩
i∈I(Hi,Ki) is a bijective soft subhemiring of (F,A),

(2) ˜∧
i∈I(Hi,Ki) is a bijective soft subhemiring of ˜∧

i∈I(F,A),

(3) If Ki ∩Kj = ∅ for all i, jϵI with i ̸= j, then ˜∪i∈I(Hi,Ki) is a bijective soft
subhemiring of (F,A),

Proof. It is straightforward.

Definition 3.12. Let (F,A) and (H,B) be two bijective soft hemirings over H
and K, respectively, and define f : H → K and g : A → B as two functions.
Then we say (f, g) is a bijective soft homomorphism of soft hemiring to (H,B),
denoted by (F,A) ∼ (H,B), if the following conditions are satisfied:

(1) f is a homomorphism from G to K,

(2) g is a mapping from A to B,

(3) f(F (x)) = H(g(x)) for all x ∈ A.

Proposition 3.13. Let (F,A) be a bijective soft hemiring over S, (H,B) be a
soft hemiring over K and (f, g) be a soft hemiring homomorphism from (F,A)
to (H,B). If f is a one to one function, then (H,B) is a bijective soft hemiring
over K.

Proof. Assume that (f, g) is a soft homomorphism, f is a one to one function
and g(x), g(y) ∈ B such that g(x) ̸= g(y). Then we have H(g(x)) ∩H(g(y)) =
f(F (x))∩ f(F (y)) = f(F (x)∩F (y)) = f({0}) = {0}. Since (F,A) is a bijective
soft hemiring. We have

∪
g(x)∈B H(g(x)) =

∪
x∈A f(F (x)) = f(

∪
x∈A) = f(S) =

K. This is completed the proof.
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Proposition 3.14. Let (F,B) and (H,B) two be bijective soft hemirings of
two hemirings S and K, respectively, over S. If (H,B) is a bijective soft sub-
hemirng of (F,A) and f is a homomorphism over S to another hemiring K, then
(f(F ), B) is a bijective soft subhemiring of (f(F ), A).

Proof. Since f is a homomorphism from S to K, f(F (x)) and f(H(y)) are
bijective soft hemirings of K for any x ∈ A, and y ∈ B. Then (f(F ), A) and
(f(H), B) are both bijective soft hemirngs over K. If (H,B) is a bijective soft
subheming of (F,A), then H(y) is a bijective soft subhemiring of F (y) and
f(H(y)) is a subhemiring of f(F (y)) for any y ∈ B. f(H(y1)) ∩ f(H(y2)) =
f(H(y1) ∩H(y2)) = f(0) = {0} and

∪
x∈B f(H(x)) = f(

∪
x∈B H(x)) = f(S) =

K. By Definition 3.6, we obtain immediately that (f(H), B) is a bijective soft
subhemiring of (f(F ), A).

4. Bijective soft ideals

In this section, we put forward a new notion of bijective soft ideals and research
some important properties of it. And some basic operations of these ideals are
also studied.

Definition 4.1. Let (F,A) be a bijective soft hemiring over H. A non-null soft
set (I,B) over S is called a bijective soft ideal (h-ideal, k-ideal, k-ideal, strong
k-ideal) of (F,A), if it satisfies the following conditions:

(1) B ⊆ A,

(2) I(x) is an ideal (h-ideal, k-ideal, k-ideal, strong k-ideal) of F (x) and∪
x∈B I(B) = H, I(xi)∩I(xj) = {0}, xi ̸= xj , xi, xj ∈ B, for all x ∈ Supp(I,B).

Example 4.2. Let H = {0, a, b} be a set with a multiplication operation and
an addition (+, ·) as follow:

Table 3 Table for a hemiming H
+ 0 a b

0 0 a b
a a 0 b
b b b b

· 0 a b

0 0 0 0
a 0 0 0
b 0 0 0

Let B = {0, a, b}, A = {a, b}. From the table, we can see that A and B are
two hemirings. Two functions are given: I(x) = F (x) = {y ∈ S xρy ⇔ y = xn

for some n ∈ N} for all x ∈ A. Here x0 = 0. Then we can get F (0) = {0},
I(a) = F (a) = {0, a}, I(b) = F (b) = {0, b}. It is proved that IF ⊆ I, and
FI ⊆ I. Besides that

∪
xi∈A I(xi) = H, and I(xi) ∩ I(xj) = {0}, xi ̸= xj , xi,

xj ∈ A. By the Definition 4.1, we obtain that (I,B) is a bijective ideal of (F,A).

Theorem 4.3. Let (F,A) and (G,B) be two bijective soft h-ideals (strong
h-ideals, k-ideals) over a hemiring H. Then (F,A)⊓̃(G,B) is a bijective soft
h-ideal (k-ideal, strong k-ideal) over H if it is non-null.



A STUDY ON BIJECTIVE SOFT HEMIRINGS 493

Proof. By Definition 2.5 (1), we can write (F,A)⊓̃(G,B) = (γ, C), where C =
A∩B and γ(c) = F (c)∩G(c) for all c ∈ C. Suppose that (γ, C) is a non-null soft
set over H. If c ∈ C, then γ(c) = F (c) ∩G(c) ̸= ∅. Since (F,A) and (G,B) are
two bijective soft h-ideals, thus the nonempty sets F (c) and G(c) are h-ideals
of H. It follows that γ(x) is a h-ideal of H, for all c ∈ I.

In the following, we will prove that
∪

x∈I γ(x) = H, and I(xi)∩ I(xj) = {0}
for every xi ̸= xj , xi, xj ∈ I.

(1)
∪

x∈I γ(x) =
∪

x∈A×B γ(x) =
∪

a∈A
∪

b∈B(F (a) ∩G(b)) = (
∪

a∈A F (a)) ∩
(
∪

b∈B G(b)) = H ∩H = H.
(2) Suppose that (ai, aj) ∈ A×B, where ai = (a1, b1) and aj = (a2, b2) and

ai ̸= aj . Then γ(ai) ∩ γ(aj) = (F (a1) ∩ G(b1)) ∩ (F (a2) ∩ G(b2)) = (F (a1) ∩
F (a2)) ∩ (G(b1) ∩G(b2)) = {0} ∩ {0} = {0}.

Above all, thus(F,A)⊓̃(G,B) is a bijective soft h−ideal over H. The k-
ideals and strong k-ideals have the similar properties, and the proofs are also
similar.

Theorem 4.4. Let (F,A) and (G,B) be two bijective soft h-ideals (k-ideals,
strong k-ideals) over H. If A and B are disjiont, then (F,A)∧̃(G,B) is also a
bijective soft h-ideal over H.

Proof. The proof is similar to Theorem 4.3.

Theorem 4.5. Let (I1, A1) and (I2, A2) be two bijective soft h-ideals of two
bijective soft hemirings, (F,A) and (G,B) over H respectively.
Then (I1, A1)⊓̃(I2, A2) is a bijective soft h-ideal of (F,A)⊓̃(G,B).

Proof. The proof is easyly omited.

Theorem 4.6. Let (Fi, Ai)i∈I be a non-empty family of bijective soft h-ideals
of a bijective soft hemiring (F,A) over H. Then:

(1)
∩

i∈I(Fi, Ai) is a bijective soft h−ideal of (F,A), if it is non-null.

(2)
∧

i∈I(Fi, Ai) is a bijective soft h−ideal of (F,A), if it is non-null.

(3)
∪

i∈I(Fi, Ai) is a bijective soft h−ideal of (F,A), if {Ai, i ∈ I} are pair
wise disjoint, whenever it is non-null.

Proof. It is straightforward.

Proposition 4.7. Let (F,A) be a bijective h-idealistic (k-idealistic) soft hemir-
ing over H. If B ⊂ A, then (F,B) is an h-idealistic (k-idealistic) soft hemiring
over H, if B = A− {xi}, where F (xi) = {0} and it is non-null.

Proof. Since (F,A) is an h-idealistic bijective soft hemiring over H, then F (x)
is an h-ideal of H, for all x ∈ supp(F,A). Since B = A−{xi}, F (x) is also an h-
ideal of H for all x ∈ supp(F,B). Because (F,A) is a bijective soft hemiring over
H and F (xi) = {0}, we can get

∪
x∈A F (x) =

∪
x∈B F (x)∪F (xi) =

∪
x∈B F (x) =
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H, F (xj) ∩ F (xk) = {0}, xj ̸= xk for all xj , xk ∈ A. It is easy to check that∪
x∈B F (x) = H and F (x́i) ∩ F (x́j) = {0} for x́i ̸= x́j , x́i, x́j ∈ B. Thus (F,B)

is an h−idealistic soft hemiring over H.

Example 4.8. Let A = {0, a, b, c}, B = {a, b, c}, we define a mapping F , where
F (0) = {0}, F (a) = {0, a}, F (b) = {0, b}, F (c) = {0, c}. Then we can easyly to
check that (F,A) is a bijective h-idealistic soft hemiring.

Theorem 4.9. Let (I1, A1) and (I2, A2) be bijective soft h−ideal of a bijective
soft hemiring (F,A) over H. Then :

(1) (I1, A1)⊓̃(I2, A2) is a bijective soft h−ideal of (F,A) if it is non-null.

(2) A1 ∩A2 = ∅, then (I1, A1)∪̃(I2, A2) is a bijective soft h-ideal of (F,A).

Proof. (1) Let (I1, A1)⊓̃(I2, A2) = (I,B), where B = A1 ∩ A2 ⊂ A. We can
prove I1(x) is a bijective soft h-ideal of F (x) for all x ∈ A1, so is I2(x). Therefore
I(x) = I1(x) ∩ I2(x) ̸= ∅. Since (I,B) is non-null. We can obtain I(x) is a
bijective h-ideal of F (x), for all x ∈ B. That is (I,B) is a bijective soft h-ideal
of (F,A).

(2) Let (I1, A1)∪̃(I2, A2) = (I, C), where C = A1 ∪A2 and ∀x ∈ C ⊂ A. By
Definition 2.5 (3), I(x) = I1(x) is a non-empty h-ideal of F (x), ∀x ∈ supp(I, C).
Also I(x) = I1(x) is a non-empty h-ideal of F (x), ∀x ∈ supp(I, C). Therefore
I(x) is a non-empty h−ideal of F (x), ∀x ∈supp(I, C). Hence (I, C) is a bijective
soft h−ideal of (F,A).

5. Conclusion

In [16], Gong et al. firstly defined the concept of bijective soft sets, then Aktas
[2] put forth a concept of bijective soft groups based on the bijective soft sets.
Now, based on the bijective soft groups, the concept of bijective soft hemirings is
proposed. But, it is different from the bijective soft groups. For example, some
conditions of the two notions are different. For any two parameters ei, ej ∈ A,
ei ̸= ej , F (ei)∩F (ej) = {e} in the bijective soft groups, but F (ei)∩F (ej) = {0}
in the bijective soft hemirings. Also, the definition of dependent and indepen-
dent element of bijective soft groups cannot suit the bijective soft hemirings.
They are two different structures, so the operations and characterizations are
also different. The groups are closed under the multiplication but the hemir-
ings are both closed under the addition and multiplication. We hope that our
works can invoke some research topics for algebraic systems and provide more
applications in many important fields.
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